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Use of Substructural Transmission Zeros
for Structural Health Monitoring

Gregory W. Reich¤ and K. C. Park†

University of Colorado, Boulder, Colorado 80309

A method of localized structural health monitoring is presented that utilizes an invariance property of trans-
mission zeros of substructural frequency response functions. These functions are obtained by partitioning the
global dynamic � exibility into a substructural form. It is shown that the transmission zeros of the frequency re-
sponse functions of a damaged substructure are invariant whereas those of healthy substructures are affected. The
present method exploits this invariance property for the detection of damage in a structure. Numerical examples
are presented to demonstrate the utility of the proposed method.

Introduction

T HE increased use of aircraft in service beyond their original
life expectancy, together with the aging of today’s civil infra-

structure, has pushed the discipline of structural health monitor-
ing to the forefront of structures technology.Critical issues such as
crack detection,growth models, and mitigationare being addressed,
as are structural integrity determination,nondestructive testing and
evaluation,and on-site inspections.Research in these areas has been
driven by the solution of inverse problems. The particular inverse
problem in structural health monitoring, which this paper investi-
gates, is the determination of damage location in a structure.

Methodsthathavebeenutilizedfor identifyingtheonset, location,
and level of damage in a structure can be categorized as non-model
based or model based. Non-model-based damage detection takes a
signalprocessingapproach1 , 2 thatmakesnocorrelationto a physical
model, whereas model-based analysis is closely tied to a reference
� nite element or other representative mathematical model of the
structure. Of the two, model-based methods have been the most
widely adopted. A comprehensive review of this body of literature
has recently been compiled.3

The prevailing model-based damage detection methods can be
further broken down into methods that utilize a global model vs
those that utilize a local model. In the global approach the analysis
is tied to a global reference model, and the damage is determined at
a global location on the structure. In the local approach the model
is decomposed into substructures, and therefore, the damage loca-
tion is determined in terms of substructural quantities. It has been
shown4– 7 that the use of substructural system � exibility properties
can signi� cantly enhance the prediction of damage location and
mechanisms as well as damage levels.

A typical frequency response function (FRF) can be character-
ized by its zeros and poles (characteristic roots of the numerator
and denominator of the FRF). Note that damage impacts both the
polesandzeros.Propertiesof the systempoleshavebeenextensively
investigated for damage detection purposes, whereas properties of
the system transmission zeros have been predominantly ignored.
Afolabi8 appears to be the � rst to investigatethe properties of trans-
mission zeros of global receptance functions for damage detection
in simple spring–mass systems. The current method expandson this
work to develop a damage detection system that utilizes the zeros
of substructural transfer functions.

This paper addresses the determination of the damage location
in a structure with an associated reference model. There are two

Received 14 July 1999; revision received 22 November 1999;accepted for
publication 3 December 1999. Copyright c° 2000 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

¤ U.S. Air Force Palace Knight Graduate Research Fellow, Campus Box
429, Center for Aerospace Structures; reich@titan.colorado.edu. Member
AIAA.

†Professor, Aerospace Engineering, Campus Box 429, Center for Aero-
space Structures; kcpark@titan.colorado.edu.

key ideas in the proposed method. The � rst is the application of a
� exibility partitioning theory9, 10 to transform the system dynamics
into a localized form. The second is the identi� cation of the trans-
missionzeros of partitionsof the localizedsystem transfer functions
corresponding to individual substructures.We will show that these
particular transmission zeros remain invariant to stiffness changes
occurring in that substructure, thereby enabling us to determine the
location of damage in the structure.

Properties of Global Transmission Zeros
The discrete linearequationsofmotionfor a structurewith typical

sensors and actuators for vibration testing can be expressed as

Mgüg + Cg Çug + Kgug = g fg , yg = 0u + 1 Çu + 2ü (1)

where ug is the displacementvector of the assembled structure;Mg ,
Cg , and Kg are the assembledmass, damping,and stiffnessmatrices;
fg is the applied force; g is the excitation location operator; (0,1,2)

are the sensor placement Boolean matrices; yg is the measurement
output vector; (Ç ) denotes time differentiation; and the subscript g
refers to the global structural system, as opposed to the partitioned
substructures that will be introduced later.

In the Laplace domain, with Çu(0) =u(0) =0 and g = 0, Eq. (1)
can be rewritten to solve for the output as

ỹg(s) = g (s) f̃ g(s)

g(s) = g

¡
Kg + sCg + s2Mg

¢ ¡ 1
g = g

¯ ¡ 1
g (s) g (2)

where

¯ g (s) =
¡
Kg + sCg + s2Mg

¢
(3)

is de� ned as the global dynamic stiffness matrix, and

[ ỹg (s), f̃ g(s)] =
Z 1

0

[yg (t), fg (t)]e ¡ st dt (4)

are the Laplace transformed output and input, respectively.
In a typicalvibration test setting it is neither practical to excite all

of the modes nor to place sensors suf� cient to cover every discrete
degree of freedom (DOF) desired. Nevertheless, for the clarity of
our discussion, we will assume that the entire displacement vector
is measured and that g is an identity matrix whose size is the same
as ug . Note that a matrix element hgi, j of g can be expressed11 in
terms of the cofactor of ¯

g ,

hgi, j =
cof ¯ g (i, j )

det ¯
g

(5)

where

cof ¯
g(i, j ) = ( ¡ 1)i + j det ¯ j,i

g (6)
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The submatrix ¯ j,i

g is obtainedby deleting row j and column i from
¯

g . Thus, the poles of g and the zeros of an element hgi, j are given
by

poles of g ) the roots of det ¯
g = 0

zeros of hgi, j ) the roots of cof ¯
g (i, j ) = 0 (7)

A generalization of this statement is that the transmission zeros
of a block partition of g corresponding to DOF lists ( ,̀ m) are
computed by � nding the roots of cof ¯

g ( ,̀ m) =0, which is found
from the determinant of the submatrix of ¯

g without rows m and
columns .̀

Note that the transmission zeros of a multi-input/multi-output
(MIMO) transfer function g(s) that satis� es ỹg (s) = g(s) f̃ g (s)
do not correspond in general to the zeros of an individual scalar
element hgi, j (s) of the transfer function matrix g (s). However, if
the transfer functionhas only a single input and a singleoutput, then
the transfer function is a scalar function, and the transmissionzeros
of that transfer function are indeed equal to the antiresonances of
the scalar function.

Observe that, due to the de� nition of the matrix cofactor,changes
in the stiffness and/or mass propertiesat node n do not affect the ze-
ros of theblockpartition g (n, n). It is thisnode-by-nodeinvariance
property of the global system zeros that was exploited by Afolabi8

in his attempt to detect damage. The node-by-nodezero invariance
property, however, does not accurately predict damage for general
structures, except for elements at a � xed boundary.First, structural
failures occur in arbitrary locations and very rarely coincide with
an isolated node. Second, for continuum and trusslike structures, a
nodal stiffness is made up of contributions from the elements that
are connected to that node.

The precedingobservationshave motivated us to develop a dam-
age detectionmethod based on an element-by-elementtransmission
zero invarianceproperty.To this end, we offer a review of the struc-
tural partitioning procedure that forms the basis both for inverse
algorithms and for the partitioned solution of structural problems
on parallel computers.

Dynamic Substructural Flexibility Theory
In this section, we will show how the global transfer functions

are transformed into a form based on the strain (or deformation)
present in each substructure. This formulation reveals the relation
betweentheglobalequationsofmotionand thepartitionedequations
of motion. In other words, one relates the global FRF g ( x ) to that
of strain-based partitioned structures.

Linear Equations of Motion
We begin with the global form of the energy functional of a dis-

crete structural system:

P (ug) = uT
g

¡
1
2 Kgug + Cg Çug + Mg üg ¡ fg

¢
(8)

As a reminder, the global equations of motion are determined from
this equationby � nding the stationaryvalue of the energyfunctional
d P =0:

Mg üg + Cg Çug + Kgug = fg (9)

The unique global FRF can then be determinedby transforming the
preceding equation into the frequency domain and solving for ûg:

ûg = g( x ) f̂g , g( x ) =
¡
Kg + j x Cg ¡ x 2Mg

¢ ¡ 1

»
ûg

f̂g

¼
= e j x t

»
ug

fg

¼
(10)

where the terms indicated with a caret denote frequency-domain
representationsof the variable. Note that this equation is the equiv-
alent of the Laplace domain transfer function in Eq. (2) given the
substitution s = j x . In this paper, the terms transfer function and
FRF will be used interchangeably,with the understandingthat they
are not technically synonymous.

Fig. 1 Structural partitioning process.

Partitioning
Consider the structure shown in Fig. 1. From top to bottom, Fig. 1

represents the disassembly or partitioning process of the global
structureinto its substructuralparts.On the top, a genericcontinuum
structure is shown, complete with natural boundary conditions and
an underlyingpattern of subdomains.On the bottom, the structure is
shown after the partitioning and discretizationprocess is complete.
Each subdomain is representedby internal and boundary nodes (lo-
cal nodes), as well as the interface forces or multiplier � eld that
relate each local node to the corresponding global node. Note that,
after partitioning, the global nodes that lie on the partition bound-
aries are co-owned by two or more substructures.Partitioning is the
disassembly process given by

u = Lug (11)

where u is the vector of substructural displacements and L is the
Booleandisassemblymatrix that relates the global and substructural
displacements.The elemental force vector that is conjugate to u is
given as

LT f = fg (12)

In addition,the global stiffnessmatrix Kg is formedby the assembly
of individual substructural stiffnesses via the operator L:
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Kg = LT KL, K =

2

66666664

K(1)

K(1)

K(s)

. . .

K(ns )

3

77777775

(13)

where K is the block-diagonalcollection of unassembled substruc-
tural stiffness matrices K(s ) .

To maintain the kinematic compatibility of the global and lo-
cal displacements, the substructural displacements must satisfy the
following:

B k (u ¡ Lug ) = 0 (14)

where a generic constraint matrix B k is introduced.This constraint
matrix can be chosen in one of several ways. It can be a Boolean
matrix that extracts the boundary nodes of partitionedsubstructures
or it can be chosen as a nullspace of the disassembly operator L:

BT
k L = 0 (15)

Using Eqs. (11–14), theenergyfunctionalof Eq. (8) can be rewrit-
ten in terms of the substructural displacement and constraints as

P (u, ¸, ug ) = uT
¡

1
2 Ku + C Çu + Mü ¡ f

¢
+ ¸T BT

k (u ¡ Lug )

(16)
where M and C are the substructural mass and damping matrices,
respectively. A vector of Lagrange multipliers ¸ that enforces the
kineticcompatibilityconstraintmust also be introduced.These vari-
ables can be thought of as the interface forces created between sub-
structures by the partitioning process.

Derivation of Strain-to-Displacement Relation
A fundamental problem in determining strain-based FRFs is the

expression of displacement in terms of strain, rather than the con-
verse. Note that the displacement u of a free–free partitioned sub-
structurecan be decomposed9 into a deformationd and a rigid-body
motion r:

u = d + r = d + U a ® (17)

In the second term, the rigid-body motion is decomposed into U a ,
which describes the rigid-body modes of the element and is only
dependenton theelementgeometryand type,and®, which represent
the associated generalized coordinates.

The strain–displacementrelationshipfor discrete elementscan be
written as

² = Su (18)

where S can be determined in a variety of ways, for example, from
the � nite element shape functions of the corresponding discrete
elements. This equation can be combined with Eq. (17) and results
in the expression of strain in terms of deformation:

² = S(d + U a ®) = Sd (19)

becausethe rigid-bodymodes U a donot incuranystrain.The inverse
of this equation results in an equation for the elemental deformation
in terms of the elemental strain:

d = U ²², U ² = S+ (20)

Combining this equation with Eq. (17) results in the desired rela-
tion, that is, expressing the elemental displacements in terms of the
elemental strain and rigid-body motion:

u = U ²² + U a ® = U
»

²

®

¼
(21)

Examples of this formulation for simple elements may be found in
the paper by Park and Reich.7

Strain-Based Equations of Motion
The strain-to-displacement relationship of Eq. (21) can now be

inserted into the energy function in Eq. (16). This results in the
energy functional expressed in terms of the elemental strain, rigid-
body motion, and the interface forces:

P (², ®, ¸) = ( U ²² + U a ®)T
©

1
2 K( U ²² + U a ®) + C( U ² Ç² + U a Ç®)

+ M( U ² ²̈ + U a ®̈) ¡ f
ª

+ ¸T BT
k ( U ²² + U a ®) (22)

By choosing B k as in Eq. (15), the dependence on the global dis-
placement ug is removed. The stationary value of this functional
yields the partitioned, strain-based equations of motion:

2

6666664

³
M²

d2

dt2
+ C²

d

dt
+ K²

´ ³
M²a

d2

dt 2
+ C²a

d

dt

´
U T

² B k

³
MT

²a

d2

dt 2
+ CT

²a

d

dt

´ ³
M a

d2

dt 2
+ C a

d

dt

´
U T

a B k

BT
k U ² BT

k U a 0

3

7777775

8
><

>:

²

®

¸

;
>=

>;

=

8
>><

>>:

U T
² f

U T
a f

0

;
>>=

>>;
(23)

This equation can be simpli� ed by denoting the following:

U = [U ² U a ], K u = U T K U =

³
K² 0
0 0

´

M u = U T M U =
³

M² M²a

MT
²a M a

´
, C u = U T C U =

³
C² C² a

CT
² a C a

´

Á =

»
²

®

¼
, fu = U T f (24)

In the frequency domain, this results in
"¡

K u + j x C u ¡ x 2M u

¢
B u

BT
u 0

# (
Á̂

ˆ̧

)
=

(
f̂ u

0

)
(25)

where B u = U T B k . The correspondingstrain-basedFRF can be de-
termined from this equation by eliminating ˆ̧ :

Á̂ = u ( x ) f̂ u , u ( x ) = Z u ¡ Zu B u

£
BT

u Z u B u

¤ ¡ 1
BT

u Zu

Zu =
¡
K u + j x C u ¡ x 2M u

¢ ¡ 1
(26)

where u ( x ) is designated as the strain-based FRF.
It cannot be emphasized enough that the FRF in Eq. (10) re-

lates the global inputs to the global outputs. That is, the displace-
ments, accelerations,velocities, or force measurements taken from
the physical structure are global, and the model derived from that
data relates quantities from the assembled structure. In contrast to
that is the preceding equation, which describes the relationship be-
tween quantities unique to each substructure.

The differencebetween the globalFRF and the localizedFRF can
be conceptualizedas is shown in Fig. 2. The traditionalsystem iden-
ti� cation method, shown on the left, measures inputs and outputs
from the global system and determines the FRF relating the two. A
localized system identi� cation procedure,shown on the right, mea-
sures inputs and outputs from the partitioned system. The FRF and
other identi� ed characteristics correspond to this partitioned sys-
tem. As is described in Fig. 2, the interface forces are automatically
included when the local outputs are determined.
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Fig. 2 Comparison between global and local FRFs: global FRFs,
Hg(!) = [ Ãy¤

g (!) ¢ Ãf g(!)]/[ Ãf
¤
g (!) ¢ Ãf g(!)]; and localized FRFs, H`(!) =

[ Ãy ¤
` (!) ¢ Ãf `(!)]/[ Ãf

¤
` (!) ¢ Ãf`(!)]. Note: y` becomes a function of the inter-

action force ¸` as shown in Eq. (26).

By recallingEqs. (21) and (11), the relationshipbetween the sub-
structuralvariables and the global displacementscan be determined
in the following way:

Á =

»
²

®

¼
= U ¡ 1Lug (27)

Additionally, invariance of the external work term of the energy
functional gives

uT
g fg = uT f = ÁT f u ) fg = LT U ¡ T f u (28)

This equation can then be used in conjunction with the global FRF
expression of Eq. (10):

u ( x ) = U ¡ 1L g ( x )LT U ¡ T (29)

The transfer functions in Eqs. (23) and (29) are equal because of
input–output system invariance.Equation (26) highlightsthe depen-
dence of the localized FRF on the local dynamics of the partitioned
form, whereas Eq. (29) highlights the dependence on the global
dynamics.

Finally, we note that from Eq. (23) the dynamics of the system
in strain-based form are partitioned into the internal strain energy
corresponding to the strain DOF and inertial energy corresponding
to the rigid-body motion of the system. In particular, if we are to
assume that damage occurs only as a change in the stiffness of the
structure, then the only terms of interest are those containing K².
From the de� nition of U in Eq. (24), we can consider only the
partition that corresponds to the strain energy of the substructural
partitions:

U = [U ² U a ] =
£
S+ U a

¤
, U ¡ 1 =

³
S

U +
a

´
(30)

Therefore,we could also determinethe partitionof the substructural
FRFs corresponding to strain energy as

²( x ) = SL g ( x )LT ST (31)

It is this form of the strain-basedFRFs that will be utilized to deter-
mine the location of damage. This partitioning allows us to use the
transmission zeros in a constructivemanner. Because the transmis-
sion zeros are dependent on the input and output, we have changed
them so that they act in an element-by-elementmanner that can be
used for assessing damages.

Damage Detection Based on Transmission Zeros
of Partitioned Flexibility

Let us examinetheblock-diagonalterms in ² correspondingto a
individualelement e. From Eq. (5), we note that the globalFRFs can

be expressed as the inverse of the global dynamic stiffness matrix
¯ ¡ 1

g as

g ( x ) =
Zg

det( ¯
g )

, Zg =

2

666664

zg1,1 zg1,2 zg1,3 . . . zg1,n

zg1,2 zg2,2 zg2,3 . . . zg2,n

zg1,3 zg2,3 zg3,3 . . . zg3,n

. . . . . . .

. . . . . . zgn,n

3

777775

zgi, j = cof K̄g (i, j ) (32)

where cof ¯
g is de� ned in Eq. (6). Note that the numerator in g ,

given by Zg , is composed of the global dynamic stiffness attributes
whereas the denominator is the same for all of the entries in g .
In other words, the poles are the same for all of the transfer func-
tion matrix elements, whereas the zeros are different.Therefore, the
global transfer function matrix g is localized according to

( x ) = L g( x )LT = Z /det(K̄g ), Z = LZgLT (33)

because, by Eqs. (11) and (12),

û = Lûg = L g f̂ g = L gLT f̂ = f̂ (34)

Speci� cally, a matrix element partition (k, k) of corresponding
to element e can be expressed as

(k, k) =
Z (k, k)

det(K̄g)
, Z (k, k) = L(k, )̀ Zg ( ,̀ m)L(m, k)T

(35)
where the matrix indices ( ,̀ m) are the nonzero row entries in L
of columns k. Note that the poles remain unchanged whereas the
zeros are localized due to the localizationmatrix L, which acts only
on the elements Zg ( ,̀ m). This is an important point, that the poles
of a system are not affected by the partitioning transformation.The
poles are determined by the global structure alone, and the form of
the input and output have no bearing on them whatsoever.

Whereas this process accomplishes the nodal localization of Zg ,
it lacks the speci� c elemental localization necessary. This can be
accomplished by transforming Z into the elemental strain-based
form:

² = S ST ) Z² = SZST

Z²( p, p) = S( p, m)Z (m, q)S(q , p)T (36)

which effectively annihilates the attributes correspondingto the lo-
calized elemental diagonal rows and columns p of element e as
well. This means that the transmission zeros of ²( p, p) would
not contain attributes from element e, except perhaps its mass and
damping. This observation can now be exploited for the detection
of damage and damage locations as follows:

Suppose the zeros of the block-diagonal entries of the strain-
based FRF ²( x ) corresponding to each element are determined
both for a healthy reference model as well as the current system
whose damage is to be identi� ed. If one detects signi� cant changes
in the transmissionzeros of some elements when compared to those
of the reference model, then the damaged element is the one whose
change in its zeros is the minimum.

Theoretically, the variance in a set of transmission zeros (TZs)
from the partition of the localized FRF corresponding to the dam-
aged substructure is exactly zero. In practice, however, this may
not be the case, and so a numerical measure must be developed to
quantitatively determine the relative variance or invariance of a set
of TZs. Because the TZs in a particular set vary over a range of
frequencies, the quantitative measure used to determine variance
is de� ned as a cumulative error over the range of TZ determined
for the particular problem. The error factor is called the cumulative
TZ deviation DTZ . For the j th zero computed for a given transfer
function, DTZ is given as

DTZ( j ) = mean

"
ê
ê
ê
ê
ê

zd (1 : j ) ¡ zn(1 : j )
zd (1 : j )

ê
ê
ê
ê
ê

#
(37)
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Fig. 3 Spring–mass system.

where zn indicates the TZ values from a nominal or reference test
case and zd represent those from a follow-up or damaged test case.
DTZ is then a vector for each set of TZs. Each element of the vector
is the average variation for each single TZ value up to the current
one. DTZ values are computed separately for each block-diagonal
partition of the full transfer function matrix corresponding to sepa-
rate elements or substructures.The TZ set from the element that has
the consistently lowest value of DTZ over the range of calculated
zeros is de� ned as the element where damage occurs.

To illustratethepresentdamageidenti� cationcriterion,considera
spring–mass systemas shown in Fig. 3. The globaldynamicstiffness
of the system can be written as

K̄g = Kg ¡ x 2Mg

Kg =

2

6664

k1 + k2 + k3 ¡ k1 ¡ k2 ¡ k3

¡ k1 k1 + k4 0 0

¡ k2 0 k2 + k5 0

¡ k3 0 0 k3 + k6

3

7775

Mg =

2

66664

1
2 (m1 + m2 + m3) 0 0 0

0 1
2
(m1 + m4) 0 0

0 0 1
2 (m2 + m5) 0

0 0 0 1
2 (m3 + m6)

3

77775

(38)

where thebar lengthsare takento beunityand themassesare lumped
at the two elemental nodes. The product of SL can be expressed as

SL =

2

666666664

1 ¡ 1 0 0

1 0 ¡ 1 0

1 0 0 ¡ 1

0 1 0 0

0 0 1 0

0 0 0 1

3

777777775

(39)

Carrying out the necessary localization, the matrix element of
the strain-basednumerator polynomial Z² correspondingto the � rst
element is given by

z²1,1 = (k̄2 + k̄5)(k̄3 + k̄6)
¡
k̄2 + k̄3 + k̄4 + 2x 2m1

¢

k̄i = ki ¡ x 2 1
2
m i (40)

The zeros of the strain-based FRF for element 1 are given by the
roots of the polynomial in the preceding equation:

(k̄2 + k̄5) = 0, (k̄3 + k̄6) = 0
¡
k̄2 + k̄3 + k̄4 + 2 x 2m1

¢
= 0 (41)

Observe that the stiffness of element 1 is not present in the ex-
pression for z²1,1 . The only presence of attributes from element 1
comes from the mass m1. Hence, we conclude that unless the mass

Fig. 4 Global cumulative TZ deviation.

Fig. 5 Strain-based cumulative TZ deviation.

is changed from the referencemodel, the zeros of strain-basedFRFs
corresponding to element 1 are invariant with respect to its corre-
sponding element stiffness. For other elements, a similar claim can
be established. This illustrates the validity of the proposed damage
detection criterion.

The TZ variationmeasurecan be computed for the example if nu-
merical values are assigned to the mass and stiffness.For the values
given in Fig. 3, with damagemodeledas a 50% reductionin stiffness
in k2, the plots of DTZ for the global and localizedcollocatedtransfer
function partitionsare shown in Figs. 4 and 5. Clearly, in the global
case each of the TZ sets, computed for collocatedtransfer functions
at each of the four nodes, vary with the introductionof damage. On
the other hand, the strain-based TZs give a clear indication of the
damaged element. The variation in the TZ set correspondingto ele-
ment 2 is very small, basically to the order of the machine accuracy.
This is many orders of magnitude smaller than the variation in the
other TZ sets. Therefore, it can be correctly concluded that element
2 is the location of damage.

An important considerationin the identi� cation and utilizationof
TZs for damage detectionpurposes is their behavior in the presence
of damping. It is common to see damping rise by an order of mag-
nitude with the onset of damage. Therefore, the question of how
damping effects TZs must be addressed. If damping is assumed to
be proportional, then k̄i from Eq. (40) can be modi� ed to

k̄i = ki + j x
¡

1
2
a m i + b ki

¢
¡ 1

2
x 2m i (42)

so that each of the zero values from Eq. (41) can modi� ed accord-
ingly. Nevertheless, the magnitude of the zeros are not affected by
the presence of damping because for a parabolic equation given by

as2 + bs + c = 0, s = j x ) j s2 j = c/ a (43)

regardless of the magnitude of b. For nonproportionaldamping, as
long as it can be partitionedconsistently,the same conclusionholds.
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Illustrative Examples
The objective of our damage detection scheme is to uniquely

determine the damage location in a structure by tracking the TZs of
partitions of ² . To illustrate the theory in the preceding sections,
we present two examples. The � rst is a 16-element plane beam
structure, for which the TZs are calculatednumerically.The second
is an illustration of the effects of modal truncation and residual
� exibility on the TZ calculation. It is shown that the inclusion of
a residual term along with the truncated set of identi� ed modes is
suf� cient to determine the location of damage in this manner.

Simulated Indeterminate Beam Model
The � rst example presented is an indeterminate 16-element sim-

pli� cation of an engine mount structure, or ladder, shown in Fig. 6.
Each beam elementhas 3 DOF per node, or 36 globalDOF. The sub-
structural model has 48 DOF, corresponding to, for each element,
two bending strains,measured at the Gauss points, and one longitu-
dinal strain,measured at the elementmidpoint,as is shown in Fig. 6.
The case we consider here models damage as a 70% reduction in
stiffness in element 10.

It is clear that more realistic problems are prohibitively large to
compute or write in analytical form as was possible for the spring–

mass system.In fact,whereasit is possibleto calculatethe globaland
local transfer function matrix analytically, it is virtually impossible
to calculate the transmission zeros analytically.For this reason, the
TZs for this example are calculated numerically in MATLAB¨ .
This calculation is based on the state-space form of the FRF of
interest using the routine by Emami-Naeini and Van Dooren12 as
implemented in MATLAB.

We say that the TZs of node n are the TZs of the MIMO transfer
function matrix partition g(m, m), where the m refers to the DOF
list of inputs and outputs on node n. With this in mind, the variation
of TZs corresponding to global node-by-node transfer functions
are presented graphically in Fig. 7, which shows the cumulative
TZ variation DTZ computed from each partition of the global FRF

Fig. 6 Beam ladder with 16 elements and strain measurement loca-
tions.

Fig. 7 Ladder global cumulative TZ deviation.

Fig. 8 Ladder strain-based cumulative TZ deviation.

correspondingto individualnodes. Note that the TZs of each global
node vary with the damage, as they would vary for damage in other
elements due to the � exibility couplingof the global structure.Note
also that these values do not correspond to any zero values from a
single matrix element hgi,i that are included in m.

In localized form, a plot of the strain-based DTZ using the ana-
lytically calculated TZs is shown in Fig. 8. Clearly, the cumulative
variation in the zeros in element 10 is many orders of magnitude
less than the TZ variation in the other elements. For this example,
the TZ variation of element 10 is of the same order as the machine
accuracy, which is as close to theoretical zero invariance as is pos-
sible to compute numerically. Recall that this is the extreme, ideal
case where we have analyticallycomputed the TZs over a frequency
range that includes all of the � exible modes of the example struc-
ture. The next example investigatesa more realistic scenario,where
the testing frequency range is not wide enough to determine all of
the system dynamics.

Limited Modal Data Case
In the preceding example, it is assumed that it is possible to mea-

sure the full modal spectrum of the structure under consideration.
Clearly, this may not be realistic, as reality comes in the form of
sampling, hardware and software limitations, noise, etc. Therefore,
something must be done to augment the limited amount of modal
information available in a realistic test. To correctly calculate the
TZs, as much modal information must be included as is possible.
The TZs are values of frequency at which the contribution of all
of the modes sums to zero. Therefore, if some of the modes are
not included, the TZ values will be incorrect. Supplementing the
measured data can be done in several ways, such as model updating
using an analytical reference model. However, because we wish to
limit the number of modeling assumptions made, we will augment
the modal data with an estimate of the residual � exibility.13 The
residual � exibility can be used as an approximation to the out-of-
range high-frequency modes and, therefore, can help improve the
TZ determination.

To study this case, the same engine mount structure from the
earlier example was utilized. The nominal and damaged system
responseswere computeddue to burst-randominputsat six locations
for approximately 25 s at 1600 Hz. The input and output data were
then resampled and � ltered at 400 Hz, which should capture the
12 � exible modes below 200 Hz. These � ltered inputs and outputs
were then used in a system identi� cation procedure to determine
the modal frequencies, mode shapes, and the residual � exibility
term. These results are then used to determine the TZs of select
input/output sets of the structure.

Representativeresultsof this exercisecan be seen in Fig. 9, which
shows that element 10 has the lowest cumulative error over the span
of calculatedTZs. In this realistic example, the difference in DTZ is
not nearly as great as in the earlier example. In fact, in this case the
difference is not even one order of magnitude. However, the trend
clearly indicated in Fig. 9 is that the damaged element, element 10,
has the lowest TZ variation over the range of zeros in the set.
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Fig. 9 Limited mode case strain-based cumulative TZ deviation.

From these data, the conclusion can be made that this proposed
procedure can correctly identify the damage location, provided a
suf� cient amount of modal data is available. If possible, the resid-
ual � exibility term should also be determined and included in the
analysis.Obviously, if there is more modal information in the resid-
ual than is identi� ed directly,thecalculatedTZ valueswill be greatly
suspect, and this procedure is likely to fail.

Conclusions
A method for structural health monitoring based on an invari-

ance property of the TZs of substructural transfer functions has
been presented. Damage in a substructure can be uniquely identi-
� ed by monitoring the zeros of the correspondinglocalized transfer
function. Damage is indicated by a change in the system response
characteristicswithout a correspondingchange in the TZs.

The keys to thepresentmethodare thedecompositionof theglobal
dynamic � exibility into a localized form and the identi� cation and
tracking of the TZs of each localized substructure. The partition-
ing process rewrites the system dynamics in terms of substructural
variables. The TZs are utilized because of their dependence on the
inputs and outputs of the corresponding transfer function.

The TZs of globaltransferfunctionsare shownto be invariantonly
for elements on a � xed boundary and, therefore, are not generally
useful for health monitoring in this manner.

To the best of the authors’ knowledge, the use of substructural
TZs for health monitoringand damage detection is presented in this
paper � rst. It is a natural extension of the � exibility partitioning
procedureapplied to the dynamic case, and its effects on the system
poles and zeros are clear.

For this method of structural damage detection to be used in a
practical manner, there are several issues that must be addressed.
In particular, the applicationof this method to continuumstructures
has been addressed, although not covered in this paper. However,
this still needs to be investigatedin a more systematicmanner.Addi-

tionally, the localized form assumes that local inputs at all DOFs are
available by transforming a limited global forcing input. An inves-
tigation into the localizedcontrollabilityof the structure in question
is required.

Perhaps the most important issue that must be studied is identi� -
cation of the TZs themselves. System realizationmethods that cap-
ture localized zeros accurately would render the proposed method
attractive for practical applications.
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